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ABSTRACT 
Theoretical and experimental studies indicate that long 
periodic lunar and solar forces produce perturbations in 
the orbital elements of close earth satellites comparable 
to perturbations caused by the earth's oblateness. 
Analytic formulas for secular and long-period luni­
solar gravitational perturbations, as well as long-period 
expressions for solar radiation pressure effects (neglecting 
the earth's shadow), are given. A program for computing 
luni-solar perturbations was written and it was  used to 
analyze the motion of the Relay 1 (1962 B, Upsilon 1) and 
Telstar 2 (1963 13A) satellites. 
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ANALYSIS OF LUNAR AND SOLAR EFFECTS ON THE 
MOTION OF CLOSE EARTH SATELLITES 
by 

James P. Murphy and Theodore L. Felsentreger 

Goddard Space Flight Center 
INTRODUCTION 
Most orbit theories for  close earth satellites neglect lunar and solar forces with respect to 
the effects cause@by the oblateness of the earth. However, an examination of the parameters in 
the long-period parts of the disturbing functions indicates that luni-solar forces give r i s e  to per­
turbations which a r e  comparable to  long-period zonal harmonic effects. 
Consequently, it is the purpose of this paper to present analytic formulas representing the 
major secular and long-period luni- solar perturbations (including solar radiation pressure) in 
the orbital elements of close earth satellites and to use them to study the motions of the Relay 1 
and Telstar 2 satellites. Mathematical developments of the lunar and solar gravitational disturbing 
functions have been made by Kozai (Reference l ) ,  Musen, Bailie, and Upton (Reference 2), and 
Kaula (Reference 3). In addition, Kaula (Reference 3) and Musen (Reference 4) have investigated 
the influence of solar radiation pressure on the motion of a satellite. 
The formulas presented herein are the result of a straightforward integration of the variation 
equations for the Keplerian elements, using previous developments for the secular and long period 
parts of the disturbing functions. Expressions for the perturbations in mean anomaly, argument of 
perigee, and longitude of ascending node include interaction terms dependent upon both lunar and 
solar forces and the earth’s oblateness. 
The satellites Relay 1 and Telstar 2 were chosen for analysis principally because they are 
near enough to the earth to be considered “close” satellites, ye t  a r e  far enough away so as to be 
relatively unaffected by drag (the semimajor axes for Relay 1 (1962 B, Upsilon 1) and Telstar 2 
(1963 13A) are about 1.7 and 1.9 earth radii, respectively). 
A list of the symbols used in this paper may be found in Appendix A. 
LUNAR AND SOLAR GRAVITATIONAL DISTURBING FUNCTIONS 
The disturbing function for the sun (or moon) is 
R = $ [ $  P, ( s ) +  -r 3  P, ( s ) + - . - I *r I 3  
- - 
For the present purpose, only secular and long-period te rms  from the second and third Legendre 
polynomials (i.e., only those te rms  not dependent upon the mean anomaly of the satellite) a r e  con­
sidered. In addition, t e rms  from the third Legendre polynomial having the eccentricity of the 
disturbing body as a multiplier a r e  neglected. The earth's equatorial plane is adopted as the funda­
mental plane. 
The secular and long-period part  of the disturbing function, then, is 
where 
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PERTURBATIONS IN ORBITAL ELEMENTS 
The disturbing function R is substituted into the variation equations 
and 
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In Equations 2, &e and S i  are the perturbations obtained by integration of Equations 1, and 4 ,  L,, and 
are given by (see Reference 5) 
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Integration of Equations 1 and 2 is accomplished by assuming that a ,  e, i ,  a ' ,  e ' ,  and i' are 
constants and that W ,R ,  A' ,  w ' ,  and R '  are linear functions of time. The secular motions for w and 
0 expressed by Equations 3 are used. Thus, 
and 
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Expressions for the various A i  are as follows: 
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-f 7 s in '  4 (1 - 10 cos i - 15 cos' i )  sin '  % (1- 10cos i'-15 cos2 i)cos .( A '  -2n' -@+a) 
A '  -2.h' -&+A 
5 - T S i n  i (1 - 2 cos i - 3 cos' i) s i n  i '  (1 - 2cos  i '  - 3 c o s 2  i '  ) cos . ( A '  . +a'- w - ul) 
A '  +a' - &- 2n 
5 
+ 	 s i n  i (1 + 2 cos i - 3 cos' i )  s i n  i '  (1+ 2 cos i '  - 3cosz i 1 )  COS .( A '  - 3 0 '  -a+ul) 
A J - 3 b - & + 2 . h  
45 . ,  C O S  ( A '  + ul' - w - 3n)
- 7 s in '  i cos' 3 s in '  i J cos' + . 
A '  + 2.Q' - & - 30 
5 . '  c o s ( 3 X ' - 4 0 '  t w f n )- cos2 + (1 + 10 cos i - 15 cos2 i )  s in2 i '  s in '  + -__ 
3hl -4% f & t A  
. I5 
+ 4 s in '  $ (1  - 10 cos i - 15cos2  i)  s in '  i '  cos' 3 cos (3h '  - 2 0 '  + w - 0 )  
3 i J  - i l l  t w - n  
i '  c o s ( 3 h ' - 5 f l ' + w + ~ )- 5 s i n  i (1- 2cos i -3cos.Z i )  s i n  i ' s i n '  7 
3i.l -si? t w +  2i2 
i i ' cos (3h '
+ 	 15 s in '  i cos '7 s i n 6  -2 . 
3 A '  ­
- 15 sin '  i s in '  2i cos6 i '  cos(3A' + w - 3 n )  
3h' +;-$l 
5 i' cos(3A' -2.Q' - w - Q )  
f q cos' $ (1 + 10 cos i - 15 cos' i )  s in '  i '  cos2 2 
3h'  -" -&-a 




. ,  cos(3A' -5R' -,tm>
+ 5 s i n  i (1 + 2 cos i - 3 cos' i )  s i n  i '  s in4 % 3i ' -5n ' - ; tz i  
' I  cos(3A' - w - m )  
- 15sin2 i cos2 2
i 
cos6 + ~. 
3X' -;-$ 
i i '  c o s ( 3 A ' - 6 R ' - o i + m )
+ 15s in2  i s i n 2  2 s i n 6  7 
3h' - 6 n '  - & t G  1 
175 a3 . ,  
~-64"- aI4 16 s i n 2  i cos2 3 s in '  3 (1  - 10 cos i '  - 15 cos' i t )  ~~ cos ( A '  - 2n' +3w+n) h '  - t 3;t n 
. I  
+ -
3 
s i n 2  i s in '  $ cos' % ( 1  t 1 0 c o s  i '  - 15cos2  i ' )  cos ( A '  t 3w- 0) 
16 i t +&-A 
3 i 
- 7 s i n ' i  cos4 7 s i n  i '  (1 t 2 cos i '  - 3cos '  i ' )  cos . ( A '  - 3fl' + 3w+ 2.Q) 
A '  - $' t & +  2i) 
t -
3 
s i n  i s in4 2 
i 
s i n  i ' ( 1- 2 cos i ' - 3 cos2 i ' ) cos ( A '  + R' t 3w- 2.Q) 
4 i ' t h ' t & - 2 n  
9 i i '  cos ( A '  - 40' t 3w+ m)
+ a cos6 s i n 2  i '  s i n 2  T il- 4n1 t 3; t $ 
9 i i '  cos ( A '  + 20' + 3w- 3fl) 
- 3 s i n 6  1 s i n 2  i fcos2 7 . 
A '  t t &- 3h 
3 . ,  
+ - s i n 2 i c o s Z  $ c o s '  $ ( 1 + 1 o c o s i ' - 1 5 c o s ' i ' )  cos .( A '  - 3 w - R )  
A ' - & - h  
3 i i '  COS ( A '  - 2.Q' - h + R )
- ~ i i ; s i n ~ i s i n ~ ~  ( 1 - 1 0 c o s i ' - 1 5 c o s Z i ' )  .s in '  
A '  - 2n' - & + i) 
- 4
3 
s i n  i cos4 $ s i n  i ' ( 1 - 2 cos i ' - 3 cos' i ' ) COS .( A '  to'  - 3w- 2.Q) 
A '  + - &­
3 i COS ( A '  -a'3w+ 2n)-
s i n i s i n ' 2  s i n i ' ( l + 2 c o s i ' - 3 c o s 2 i ' )  .
A '  - G' - & +  
18 
9 . ' cos ( A '  + 2f2' - 3w- 3fl)
- 7 cos6 2i s in2  i '  cos2 3 . 
A '  + 2hd- 3;- $ 
9 . ' cos ( A '  - 40' - 3 u +  3)+ 7 s in6  2i s in2  i '  sin '  % . 
A '  - 4h' - 3;+ $ 
. ' cos (3h' - 40' + 3w + n)+ 15 s in2  i cos2 2i s in2  i '  s in2  + 
$ 1  - 4hl t 3; + n 
i i '  cos (3A' -R' t 5-2n) 
~ ~ _ _ _+ 	 3 s i n  i s i n 4  2 s i n  i '  -2 3x1 - bl t 6­2n 
i '  cos(3A'  t3W-m) 
- 3 s i n 6  3 cos6 2 
3 i ' t 6 - 3 h  
_ -15 .~
16 s in2  i c o s ~  s in '  i '  cos' 
i '  c o s ( 3 h ' - 2 C l ' - 3 w - R )  . 
3A' - - &,- h 
-15 i '  cos (a'40' - h t  n)
+ E s in '  i s in '  2i s in '  i '  s i n 2  7 . ~­
3A' - 4h' - 3; t il 
i i '  c o s ( 3 A ' - n ' - 3 u - 2 Q )  
- 3 s i n  i cos4 2 s i n i ' c o s 4  T . . ~­
% ' - 0 ' - 3 ; - 2 n  
i '  cos (3A' - 50' - 3w+ 2n)
+ 3 s i n  i s in4  4 s i n  i '  s in4  -2 -__ 






= 3n"m' a 2  {e[JPdt + $JQdt] -9[(& + e2)/Sdt + e2  JVdt]} 
where 
+ -3 s in2  i =os4 - 2R) - e  , sin@' t w' + R' - 2R) t 7e,sin(3X' - w' - R' - 20) 
16 i t  +;' +h t  - 2 h  3 i '  -2-n, - 2h 1 
.-3 s i n 2 i  s i n  i' cos2 sin(2X' -R' -a)- e' sin(X' t w' -0)+ 7e' sin(3h' -w' -20' -0) 
16 
i t  + 6'- n 3 A '  - ;' - 2fY - h 1 
.t -3 s i n  2 i  s i n  i '  s i n 2  - [2 sin(2h' -3R' +R) - e  I sio(h' tu' -2R' + R) t 7 e '  sin(3X' --w' - 4R' +a)] 
16 2 i l  - 3h' + n i I + & ' - 2 n ,  ti2 3h' - 2 - 4h' + h  
20 
- -  
p' 

1 .  sin(X' -0' + 2 0 - R)

t - s i n  i s inZ-i s i n  2 i ' sin(R' + 20-0)  t3e '  si+' -w' - 20' - 2w+ 0)t 3 e '  .
.
4 2 h' +2;-n XI-&' -2n1-2; t n A ' - & ' +  2;-R 







i I  + 2 - 2 5  + 2; + n 3h' -2 - 4h' + 2;+h 1 

+-sin i s i n Z L s i n  i' sin2 sin(2h'- 3-Q'- 2 0 +  R) -e '  
sin@'+ w' - 2R'- 2w+ R) 
+7e' 
sin(3h'-w' -4n' -2w+R)1
1 .  .




. ,  
1+ 10 cos i - 15 cos2 i>sin2 + (1  - 10cos i - 15 cos2 i 1 )  s i n  (A' - 2R' + w + R )  
i t  -2.b+;ti 
. ,  
+ 1 sin2 2i (1- 10cos i - 15 cos2 i ) cos2 + ( 1+ 10 cos i - 15 cos2 i ) s in(A '  + w - R )  . 
A' + & - R  
5 
- 8 s i n  i ( I  - 2 cos i - 3 cos' i ) s i n  i ' (1+ 2 cos i ' - 3 cos2 i I )  s i n  . ( A '  - 3Q' + w +  m) 
A ' - $ ' + & t &  
5
- 8 s i n  i (1 + 2 cos i - 3 cos2 i ) s i n  i ( 1 - 2 cos i - 3 cos2 i ) s in(A '  + R '  + w - 2 R )  




sin2 i cos2 $ sin2 i t  s in2 + s i n  .( A '  - 4R' + w t 3n) 
A '  - 40' + & +  37 
. '  s in(A '  + m' t u - 3fl)+ 15 sin2 i sin2 + sin2 i t  cos2 % 
il+2i2' t & - $ 
3 
+ q s i n i ( l - 5 c o s ' i ) s i n i ' ( l - 5 c o s 2 i t )  
s i n ( A ' - R '  - w ). . 
A '  -Q' - &  
. I  
+ 1 sin '  3 (1- 10 cos i -15 cos2 i ) s i n 2  3 (1- 10 cos i - 15 cos2 i ) s i n  ( A '  - a' - w + n )  . 
A '  t i l - ; - 2h 
+ g 5 s i n  i ( 1- 2 cos i - 3 cos2 i ) s i n  i ' ( 1- 2 cos i - 3 cos2 i ) s i n ( A '  . + R ' - w - m ).
A ' t n ' - L - m  
5 
f 8 s i n  i (1 + 2cos  i - 3 ~ 0 s 'i )  s i n  i '  (1+ 2cos i '  - 3 c o s 2  i ' )  s i n  .( A '  - 3n' - w +  2n) 
A' - - &  + 2.b 
15 . ' s i n  ( A '  + a' - w - 3fl)
+ 7 sin2 i cos2 2
i 
sin2 i '  cos2 + . 
A '  + m' - & - 3Q 
+ 15 i '  s i n ( A ' - a ' - w + m )­sin2 i sin2 3 sin2 i '  sin2 2 i ' -4h ' -&+3R 
22 
5 ­+ q s i n i ( 1 - 5 c o s ' i )  s i n ' i '  s i n  (3'3R' + w )  
$ 1  - &  + &  
5 i ' s i n  (3' - 4Q'. + w + 0 )- 7cos2 + (1 + 10cos i - 15 cos' i )  s in2 i '  s in '  7 ~~ 
-4h' + ; + R  
5 . -_ -- a s i n 2  i (1 - locos i - 15cos2 i )  s i n 2  i '  cos2 i '  s i n ( 3 X ' - 2 R ' + w - n >  
3 X ' - 2 R ' + & - R  
* '  s i n ( 3 X 1 - 5 ( 2 ' + w + 2 n l )- 5 s i n  i ( I  - 2 cos i - 3 cos' i )  s i n  i '  s in4 $ 
3 ) ; ' - & ' + & + 2 R  
5 	 i '  s i n ( 3 ) \ ' - n ' + w - Z Q )T- ~ s i n i ( 1 + 2 c o s i - 3 c o s Z i ) s i n i ' ~ o s 4  . . 
3)\' -a'+;-G 
+ 5 sin2 i cos' . '  s i n ( 3 h '  -a'+ w + 3 R )$ sin6 3 $'-&'+&+G 
+ 5 sin2 i s in '  $ cos6 %" s i n ( % ' + w - 3 R )  
$ 1  +;-$ 
- 5 s i n  i (1- 5 cos' i )  s in3  i '  s i n  (3'- 3R' - w )  
3 ) \ ' - " - &  
- a5 cos' $ (1 + 10 cos i - 15 cos2 i )  sin '  i '  cos' i '  s i n ( % '  - 2n' - w - n >  
S' -" -.;-a 
5 " s i n ( a ' - @ ' - w t R )  
- 7 sin '  $ (1 - 10 cos i - 15 cos' i )  s in '  i '  s in '  2 ~~ .a'-" -;+n 
5+ 2 s i n  i (1 + 2 cos i 3 cos' i )  s i n  i '  s in4 %" s in(3A'  -50.' - w + m )  
3iI - & e  -& t 2b 
i '  s i n ( a ' - w - m )+ 	 5 sin '  i cos' 7i cos6 7 . 
3 h ' - & - a  





s i n.( A '  .-'n' t 3w) 
A '  -fl' t 3; 
3 . ,  
-zsin2 i cosz $ sin2 (1 - l o c o s  i '  - 15cos2 i ' )  s i n ( A '  - 2R' t 3 w t n )  
i t  - 2bJt 3;t n 
. I3_ -16 sin2 i sin2 c o s ~$- (1 I-IO cos i - IS c o s ~i '  ) s i n ( A '  t 3w-R). 
A '  t & - A  
i- 3 s i n  i cos4 7 s i n  i '  (1 t 2 c o s  i '  - 3 ~ 0 s 'i ' )  s i n  .( A '  - 3n' t 3w+ 2.Q) 
A '  - $l't & t  2h 
3 
- .- -gs i n  i s in4 2i s i n  i '  ( I  - 2 cos i '  - 3 cos2 i '  ) s i n  ( A '  t n' t 3w- 2n) 
i t  ti? t &- zi 
3 
+ 7 cos6 s in2 i t  s in2 i ' s i n  (A ' - 40' + 3w t 3fl). 
A - 4h' t 3L, t $ 
3 . ' s i n  ( A '  t 2fl' t 3w- a)
+ q-sin6 $ sin2 i '  cos2 5 
i t  t zit t & - $  
3 
s i n.( A '  .- R' - 3w)- x s i n 3 i s i n i ' ( 1 - 5 c o s ' i ' )  
A '  - 0'- &, 
3 i 
+ g s i n i c o s '  2 s i n  i '  ( I  - 2 c o s  i '  - 3 ~ 0 s 'i n )s i n  .( A '  . + R '  - 3w- 2.Q) 
A '  t R '  -& -2h 
3 . . .  
t g s i n  1 s1n4 2i s i n  i ' ( I  t 2 cos i - 3 cos' i ) s i n  ( A '  - m'- 3w t Zn) 
- 3;+2(i 
3 ' ' s i n  ( A '  - 4n' - 3w t 





5 '  s i n  (3h '  -a' t 3rd) 
-	 s i n 3  i s in '  i '  _ ­
3 i I  - $ 1  + 3; 
+ 15 s i n *  i s i n 2  $ s in '  
3 i 
- 2 s i n  i cos' 5 s i n  i I 
3 . . .  i 
- 2 s i n  1 s in '  -2 s i n  i '  cos' 
. ' 
i '  cos2 3 s i n  (a'Zn' + 3W - 0)-
$ 1  - +&-A 
-' ' s i n  (a'W' + 3W + 212)
s in4  + 
$ 1  - 5n. t 3; + 2li 
-i '  s i n  (a'0' + 3W- 212)- ­2 
3 i t  -h' + 3 j - G 
. ' 
+ cos6 s i n 6  + s i n  (3A' -a'+ 3W + m).­
& ' - 6 h ' + 3 ; + $  
-15 . s i n  (a'3n' - 3W)
+ 	E s1n3 i s i n 3  i '  
3 i I  - 3; 
15 . i 
+ s i n Z  i cos' 2 s i n '  
15 i 
+ 16 s in '  i s in '  y s in '  
3 i 
+ 2 s i n  i cos4  2 s i n i ' c o s 4  = - $ L & L & - G  
-i '  s i n  (a'Zn' .-- 3W- 0) ___i '  cos2  -2 . 
3 A '  - 2h' - 3 i - h  
i '  s i n  (a'-40' - h + n )
.__i ' s i n '  -2 . 
3 A '  - 4 h ' - & + h  
- ­i ' s i n  (3h' 0' 3w - 212)
._ _ _ _  
-3 i i '  s i n  (a'50' - 3W+ 212)
+ 2 s i n  i s in '  2 s i n  i '  s i n 4  -2 --&#-&#-&)+G 
i i '  s i n ( % '  -60' -3W+m)+ 	s i n 6  2 s i n 6  7 . - & + Gax'-&# 
25 

t cos 2 i s in  2 i '  
sin(R' -R) 
+3e' 
si n(X' -w' -.0) t3e '  si .n(A' -w' - 20' t 0)
.

h' -n X'-; ' -Q A ' - ; ' - 2 f Y + n  1 

- 3 s in  i cos  i sin2 i' 
2sin2(A'-Q') 
-e' 
sin(A' t w '  -0') sin(3X' -w' - 3fl')

t 7 e '  . 
2(i#-fY) A I t  2 -h, 3 A '  -c;' - 3i2' 1 
t 2 s in  i cos i cos4-
i' 2 s i n  2(h' -R) 
-e' 
sin(A' +w' +a' - 2Q) 
t7e '  
sin(3A' -a'-Q' - 20) 

2 c 2(2 -A) i e t 0' +-fY -2n  3 A '  . -0' -fY - 2h 1 
- 2 cos 2 i s in  i' cos2 sin(2X' -Q' -Q)  -e' sin(A' tu' -0)t7e '  sin(3A' -w'- 20' -0). 
2iI  -fY -n i'+ 3h' -0' - 2n' -0 1;I - n 
t 2 s in  i cos  i sin4 - to) -e' sin(X' tu '  - 3Q' + 20) + 7e' si n(3A' -w' - 5R' + 20) 

i 1 + 0 ' - 3 f Y + 2 ~  32 - 2  - 5i2' + 2 n  1 
t 2cos  2 i  s i n  i' sin2 2h' -30' tQ) -e' 
si n(X' + w' - 2.V + 0)
t 7e' 
sin(3A' - w' - 4R' +R) 
ZX'-3fY+h i n  t 0' - 2na + h  3 i #-0'-4i2'+ l j  
R) -e' sin@' +w'  +a'- 20- 2Q) 
2 + 0 ' + h ' - 2 ; - 2 n  
sin(A' - w' - 0'- 2w) 
t3e'  
sin@' - w' -Q' + 2w)

t3e '  . . 

A' - 0'- fy - 2; x - 0' - R' f 2; 1 

i sin2 i' 
2sin (2Q' - 20-20) 
d e ' .
sin(AJ-w'tQ'-2w-2R) . +3e' sin(A'-o'-3R'+2w+ 20)- 4 s in-i ~ 0 ~ 3 - .




sin cos i ,  2 s i n  (2A' -20' - 2w) 
- e  
, s i n  (A' +w ' -n ' - 2w)t 7 e ,  sin(3A'-w1-3Q' -20) 12(iI -e -i) i o + 2 - h-2; 3i '  - i' - 3h' - 2; 
3 sin cos  sin^ i a  2 s i n  (2h' - 20' t 2w) - e  ,s i n  (A' +w'  - 0' + 2w) 7e,  sin(3A' - w' - 30' + 2w) 

2(i '  - fY + i) i s +&'-fY + 2; 32 - &' - 3h' + 2; 1 











. I  
- 31 s i n  i (11 - 10 cos i - 45 cos' i ) sin' 5 ( 1- 10 cos i ' - 15cos' i ' ) s i n ( A '  -2.0' + w t R )  




s i n  i (11 +1ocos i - 4 5 c o s ' i )  cos' % ( I +  l o c o s  i ' - 15~0s 'i ' )  s i n ( A '  t o - 0 ).
A' t & - b  
5 
- 8 ( 2 + 7 c o s i - 4 c o s z  i - 9 c o s 3 i )  s i n i '  ( l + 2 c o s i ' - 3 c o s z  i ' )  s i n  ( A '  - 312' f w Zn) 
i t  - 3 i ' t j + 2 i  
5+ g  ( 2 - 7 c o s i - 4 c o s 2 i + g c o s 3 i ) s i n i '  ( 1 - 2 c 0 s i ' - 3 c o s 2 i ~ )s i n ( X '  .t n ' t w - 2 R ). 
h' to' t w - 2 0  
15 " s i n ( h ' - 4 n ' t w t 3 n )
- s s i n  i (1 - 2 cos i - 3 cos' i )  s in '  i t  sin' 3 . 
h' - 4 i '  t;tG 
15 % s i n ( A '  t2.Q' t w - 3 f l )+ r s i n i ( 1 + 2 c o s i - 3 c o s ~ i ) s i n 2 i ' c o s ~  
iltG'+ ; - G  
3 ­
t T c o s i ( 1 1 - 1 5 c o s Z i ) s i n i ' ( l - 5 c o s Z i ' )
s i n ( A '  . -0'- a ). 
A '  -0' - & 
. ,  
- 8
1 
s i n i  (11 - l o c o s  i - 4 5 ~ 0 s '  i )  cos' + ( I +l o c o s  i '  - 1 5 ~ 0 s 'i ' )  s i n ( A '  - w - n )  . 
A '  -;-Q 
. ,  
+ g 1 s i n  i (11 + 10 cos i - 45 cos' i )  s in '  (1  - 10 cos i '  - 15 cos' i ' ) s i n  . (A' - Zn' - w  +n) 
A '  -Zn' - & t o  
5 
+ g (2 + 7 c o s  i - 4 c o s '  i - 9  cos3 i )  s i n  i t  (1- 2cos i '  - 3cos '  i ' )  




( 2  - 7 cos i - 4  cos' i + 9  cos3 i)  s i n  i '  (1+ 2cos i '  - 3cos '  i '  ) s i n ( A '  -30' - w + 2 n )  . 
A t  -GI - ; t2i l  
" 
- s i n  i (1 - 2 cos i - 3 cos' i )  s in '  i '  cos' s i n  ( A '  t 2R' - a - 312) i J+St- ; -G  
15 i '  s i n ( k '  - 4 2 '  - w + 3 Q )
t ~ s . i n i ( 1 t 2 c o s i - 3 c o s ' i ) s i n ' i ' s i n ' ~  . 
A '  -4ilt -;tG 
t 
5 
cos i (11 - 15 cos' i )  s i n 3  i '  
s i n  (a'-N'to )  
$ 1  - $y + &  
28 
. '  5+ j+j s i n i  ( 1 1 - 1 0 c o s i - 4 5 c o s ' i ) s i n ' i ' s i n '  
- 35 s i n  i (11 + 10 cos i - 45 cos' i )  s in '  i '  cos' 
- 5 ( 2 + 7 c o s  i - 4 c o s 2  i - 9 c o s 3  i )  s i n  i s  sin4 
+ 25 ( 2 - 7 c o s  i - 4  cos' i + ~ C O S ~i )  s i n  i t  cos4 
$ s i n ( 3 h '  -40 '  t w t 0 )­
$ 3  -4na t w t n  
i '  s i n ( 3 A f - 2 n '  +a-0) ___. 
3h' -2n' t w - R  
" s in(3X'  - 5 0 '  t w t 2 n )._ 
31; I - 5n1 t & + ui 
i '  s in(3A'  -0't w - 2 n )
.­-
2 3h ' -b<  +;-k  
5 . '  s i n ( 3 h '  -60' t w t 3 0 )- 9 s i n i ( l - 2 c o s i - 3 c o s ' i ) s i n 6  $­
3il - & I  tb+G 
5 i '  s in(3A'  t w - 3 2 )+ 1 s i n  i (1  t 2 c o s  i - 3 c o s 2  i )  cos6 7 
3 h t L - m  
- 5 
COS i (11 - 15 cos' i )  s in3  i '  
s i n  (3'- 3 f l '-- w )  
3i - - ,& 
5 
+ 8 s i n  i (11 - 10 cos i - 45 cos' i )  s in '  i '  cos' ' ' s i n  (3A - 2n' - w - f l )  
3h' - 20' - & - a  
i '  s in(3A'  - 4 0 ' - w t 0 )- 5 s i n  i (11 + IO cos i - 45 cos' i )  sin' i f  s in '  7 . 
3A' -4n '  -&+A 
. .  ~ _ _+ 25 ( 2  + 7 cos i - 4 cos' i - 9 cos3 i )  s i n  i c0s4 +" s i n ( 3 A ' - R '  - w - m )  
3 A '  -0'-& 2 0  
5 __- 7 ( 2  - 7 cos i - 4 cos' i t 9 cos3 i )  s i n  i '  sin4 3" s i n ( 3 h '  - 5 0 '  - w + 2 R )  
3 h ' - 5 0 ' - & + 2 0  
- $ s i n  i (1 - 2 cos i - 3 cos' i )  cos6 i '  s i n ( 3 h '  - w - 3 n ). 
3 A '  -;-a 
5 . '  sin(3X'  -6.0' - w + 3 n )+ s i n  i (1 + 2 cos i - 3 cos' i ) sin6 3 
3x1 - & ' - & + 3 ( j  1 
175- -"e 3  a [:6 - c o s i s i n ' i s i n i '  ( 1 - 5 c o s ' i ' )  s i n ( h '  -0' +h)64 a" il -A. + 3; 
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. It 3 s i n  i ( 1  - 2 cos i - 3 cos' i) s i n '  % ( 1  - 10 cos i f- 15 cos' i '  ) ~ s i n ( A ' - 2 R ' + 3 w + 0 )  
X I - 2 n t  +%til 
+ 	 3 cos' $ ( 2  -cos i - 3cos2 i) s i n  i '  ( 1  + 2 cos i '  - 3  cos' i t )  s i n ( X r - 3 C l '  t 3 w t 2 0 )  
X I  - 3.k t 3;t 2i 
3 
- 16s i n '  $ ( 2  +cos i - 3cos'  i )  s i n  i '  ( 1  - 2 cos i '  - 3 cos' i '  ) s i n  (A' t Q' t 3w- 20) -
X I  t ht t 3;- 2.h 
9 i '  s i n  (A' - 4Q' + 3 w t  m) 
- 8 s i n  i cos4 + s i n 2  i t s i n '  7 . . . ~  
A '  - 4h' t 3;t 3h 
" 
~­t g 9 s i n  i s i n 4  $ s i n 2  i 1 cos2 +- s i n  ( A '  f 20' + 3w- 3.Q) 
X I  t i l l  t 3;- 3.h 
. I_ -332 s i n  i ( 1 + 2 cos i - 3 cos' i ) s i n Z  % ( 1 - 10 cos i ' - 15 cos' i ) s i n ( A '  -2.Q' - 3 w t Q )  .
A' -2hl -&+A 
3 
- 16 cos2 $ ( 2 - cos i - 3 cos' i )  s i n  i 1 ( 1  - 2 cos i - 3 cos* i ) -: s i n  ( A '  + 0'- h-2.Q) 
A '  t Q' - 3;-2h 
3 s i n  (A' - a' - 3w t 2.Q) 
f 16s i n 2  $ ( 2  +cos  i - 3 ~ 0 s 'i )  s i n  i f  ( 1  + 2 c o s  i '  - 3 ~ 0 s 'i ' )  ___X '  -$'- & +  2f) 
9 

+ 8 s i n  i s i n 4  $ s i n '  i '  s in '  +' ' s i n  . ( A  ' - 4Q' -5 + m) 
A '  - 4h' - & t  3h 
15 
16 cos i s i n 2  i s i n 3  i ' s i n ( 3 A '  -m'+5) 
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15 
- 3 s i n  i (1 - 2 cos i - 3 cos2 i)  s i n 2  i '  s in2  5" s i n ( 3 h ' - 4 0 '  +&+a)  
3i'-411'+3&+11 
~___+ 15 s i n  i (1 + 2 cos i - 3 cos2 i )  s in2  i '  cos2 5" s in (3X '  - 2 0 '  + 3 w - 0 )  
3 i I  
3 i '  s i n  (3h '  - 5fl' + 3w+ m)
t ~ c o s 2 ~ ( 2 - c o s i - 3 c o s 2 i ) s i n i ' s i n 47 

3 i I  - 5AI + 3; t 2.h 
3 ' ' s i n  (3h'  - 0'f 3w- m)- s in '  $ ( 2  + C O S  i - 3 ~ 0 s 'i )  s i n  i '  cos4 3 ~ 
3i '  + 3;- 2.h 
3 
- 7 s i n  i cos4 4j s in6  +" s i n  (3h '  - 6Q' + 3w+ 3n) 
3h' - sfif t 3;+3h 
3 . ' s i n  (3h '  t 3w- 3n)
t 	- s i n  i s in4  4j cos6 $ ~2 
3h8t3L, -3h  
15 

~~+ 16cos i s in '  i s i n 3  i.' s i n ( 3 h '  -30' - 3 w )  
3h' -3h' -c& 
15 i '  s i n ( 3 h '  - 2 0 '  -30-n)32 s i n  i (I - 2 cos i - 3 cos2 i )  sin2 i I cos2 7 . 
3h' - 2 h '  -%-i) 
15 " s i n ( 3 h ' - 4 0 ' - 3 w t n )~ _ _  
t s i n  i (1 + 2 cos i - 3 cos2 i)  s in*  i '  s in2  3 
3h' - 4hl - 3w t h 
3 . ' ~ - cos2 + ( 2  - cos i - 3 ~ 0 s 'i)  s i n  i cOs4 % s i n  (3h '  . - 0'- 3 w - 20) . 




s i n  i c0s4 3 cos6 +" s i n  (3h '  -5-3fl) 
3x1 - 3;­
3 . . .  ' I  s i n  (3h'  - 60' --3w+.,)] ;+ 3 s i n  1 s ln4  ;i. s in6  +­
31' - 60' - 3;+ 
31 
A, = sS e d t  
32 

- 8  s i n  i s in '  is i n  2 i '  s in@'  t 2 w - 0 )  3e, s in (A '  -w' -20' -2w+0) 3e, s j n  (A' -w' +2w-0) 2 (h' + 2L - A)' (i'- i'- 2 0  - 2; + h)' (A' - L' + 2L - h)* 1 
1 . I  
+ T sin2 3 ( I  - locos i - 15cos' i )  cos2 3 ( 1  + locos i '  - 1scos' i t )  s in (A '  t w - 0 )  
( i t  t ;-A)' 

5- s i n  i (1 - 2 cos i - 3 cos' i )  s i n  i '  ( I  + 2cos  i '  - 3cosz i 8 )  
5 - g-sin i ( I +2cos  i -3cosz i )  s i n  i t  ( I - 2 c o s  i '  - 3cos2 i ' )  s in(A'  +fl' + w - 2f l )  
( i g  t A 1  t;- 2n)2 
' '1s + u ta)+ 7 sin2 i cos' $ s in2  i n s i n 2  3 s i n  ( A '  -a' 
(i1-4i-V t;+3R)' 
33 
i ‘  s i n  ( A ’  + 2Il’+a-3Q)
+ 
15 
s in2  i s in2  $ s in2  i ‘ cos2 3 (h’ + 2 n e t w - m)2-
. ,  
- 1 cos2 Ti ( I  + IO cos i - 15 cos2 i )  cos2 + (1 + 10cos i I - 15 cos2 i I s i n  ( A ’  - w - n )(ia-&h)2 
1 . ,  
- 7 s i n 2  $ (1 - 10 cos i -15 cos2 i )  sin’ 5 (1  - 10 cos i’- 15 cos2 i’) sin (A’ - 2R’ - W  +a) 
(h’-uzl  -;+i$ 
5 

- g s i n  i ( 1 - 2 cos i - 3 cos2 i 1 s i n  i I ( 1 - 2 cos i’- 3 cos2 i 8 ) s i n  (A’ +R’-a-m) 
15 i ’  s i n  ( A ’  -a‘-a+a)

- 7 s in2  i s in2  + s in2  i ’  s in2  -2 - -.  
( h ’ - 4 R ’ - ; t 3 b ) 2  
- a’ + u)
+ 5 s i n  i ( 1 - 5 cos2 i ) s in3  i s i n  (a’~-~. 2( y:I - $ 1  t t.) 
i’ s i n ( a ’ - 4 R ‘ + w + R )- - ­5 cos’ + (1 + 10 cos i - 15 cos2 i )  sin’ i ’  sin2 7z =:-&+ L, + 
5 i 
- -qsin’ 2 ( 1  - 10 cos i - 15 cos2 i )  sin’ i ’  cos2 i ‘  ~ s i n ( = ’- - 2n’+ w - R )  
( i t +,-&)’ ­
5 . ’  s i n ( 3 X ’ - 5 ( 2 ‘ + w + Z I )- 2 s i n  i (1 - 2 cos i - 3 cos’ i )  s i n  i ’  sin‘ 5 ~ _ . _ ~ 
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- '  s i n ( = '  -a'+ ~ + 3 n )
+ 5 s in2  i cos2 $ s i n 6  5 
($ / -gn '+L, t3n)2  
' '  s i n  (a'
+ 5 s in2  i s in2  $ cos6 3 + w - 3n) 
( $ 1  + ( ; - 3 b ) 2  
5 " s i n ( a ' - 4 n ' - w + n )
+ a s in2  $ (1 - 10 cos i - 15 cos2 i )  s in2  i '  s in2  % ~~ 
( y ; l - 4 n ' - L , + n ) 2  
. I  . 
- 25 s i n  i ( I  - 2 cos i - 3 cos2 i )  s i n  i '  cos ,5 s in  ( 3 A '  - R '  - w - 2R) 2 (3h'  - ( j l  - w - 2 ( j ) 2  
i . ,  % i n(3. i '  - i d - S l )  
- 5 s in2  i cos2 7 cos6 + ' - _ _ _  
(3h: -r; - 3 d '  
. '  s i n ( 3 h ' - 6 n ' - w +-"I.... 
- 5 s in2  i s in2  2i s i n 6  3 





- s i n ’ i s i n ’ 2  i cos’ i ’ ( l + 1 0 c o s i ’ - 1 5 c o s 2 i ’ )  s i n ( A ’. t 3 w - R )  
( i n  t 
9- 8 s i n  i cos4 2i s i n  i ’ (1 + 2 cos i ’ - 3 cos‘ i ’ ) s i n  ( A ’  - 3n’ + 3 w t  2R) 
(h’ - sn* t 3;t 2h)2  
9 

+ 	T COS’ Ti s in’  i ’  s in’  i ’  s i n  ( A ’  - 4fl’ t 3wt 32)~.(X’ - 4nt t 3; t 3iy 
9 s i n  ( A ’  - 0’- L) 
~I
+ E sin’ i s i n  i ’ ( I  - 5 cos’ i ’  ) - ( h ‘  -n. - 3 ; ) 2  
9 

- 8 s i n  i cos4 3 s i n  i‘( 1  - 2 cos i ’  - 3cos’  i ’ )  s i n  ( A ‘  7 to‘ -- 3w- 2fl) (h’ t R ’  - 3;- 2nI2 
. I9 

- 7 sin6 3 sin2 i ’  s in2 + s i n  ( A ’  - 40’ - 3 w +  - 3fJ 2( h ’ - 4 h ,  -&+a) 
s in3  i s in3 i ’  s i n  ( 3 h ’  - 3n’ t h)- I
(3h’ - 3tV t 3;)2 
36 
.-. . .. . ._ . I 
-- - -  
i i '  s i n ( a ' - 4 n '  + L + n )+ 45 sin '  i cos' 2 s in '  i ' s in '  7 
( $ ' - 4 n ' t 3 ; + R ) 2  
45 .+ m s in2  i s in '  $ s in '  i cos' i '  s i n ( 3 h ' - Z n ' + h - n )  
( & i t  - 2n. +&-A)' 
s in3  i s in3  i '  s i n  (a'- 32' -h)- . .(G'- - 3 ; ) 2  
i i '  s i n ( 3 h ' - m ' - h - n )
- s in '  i cos' 2 s in '  i '  cos' y . 
- 3;-# 
45 i '  s i n  ( 3 k ' - 4 0 ' - 3 w t n )
16 s in '  i s in '  2i s in '  i '  s in '  7 ­
( $ 8  - 4n, - 3; t n)' 
9 . . .  i '  s i n  (a'
- 7 s i n  I s i n 4  2i s i n  i '  s i n 4  -2 . -9'- L +Zn) ($' - sn. - 3;+S)' 
- 3cos6 i i '  s i n ( 3 h '  -3W-m)cos6 -2 
( &i'Sb)'- 3;­
i '  s i n ( 3 h ' - d n ' - h + 3 R )
- 3 s i n 6  
i 
s i n 6  7 
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1 - e' 

+ 6e,  sin(k'-w'+0'-20)- - 6 e '  s i n  (A' - w' - 30' 







1 . ,  
t q s i n ' ?  
i 
( 1 - 1 0 c o s i - 1 ~ c o s ~ i )sin2 % ( l - l o . c o s i - 1 5 c o s 2 i )  s in  ( A '  - 2fl' - w t n)(X - & t  - L  +b)2 
5 s in  ( A '  + R '  - w - m )  
~ _ _~~ 
- - q s i n i ( 1 - 2 c o s i - 3 c o s ' i ) s i n i '  ( 1 - 2 c o s i ' - 3 c o s 2  i ' )  (iltn* - & - 252) 2-
s in  ( A '  --.3n' - w t  ZO)+ 5 s in  i ( I  + 2 cos i - 3 cos' i ) s in  i '  ( 1  t 2cos i I - 3 cos2  i ' )  --; --- ­
(h' -"  - w t  S)' 
45 i ­-- 7 sin2 i cos' 7 sin2 i t  cos2 $" s i n  ( A '  t 2n' - w - m) 
( ; I  + -i;- $)' 
i ' s in  ( A '  -a'- w + m)
+ 
45 
sin2 i sin2 '2 sin '  i '  s i n 2  2 
( i $ - 4 n ~ - L t 3 n ) '  
5 i '  s in  (3h'  -a'+ w + n ).~~_..- 7 cos' 5 ( 1  t I O  cos i - 15 cos2 i )  sin' i o  s in '  1 




s in '  2
i 
( 1  - 10 cos i - 15 cosa i )  s i n 2  i '  cos2 
i '  s i n  (3h' - 20' t w - 0 )  
(32 - & #  
i '  s i n ( = ' - S '  +m+m).­
- 5 s in  i ( I  - 2 cos i - 3 cos2 i )  s in  i '  s in '  7 
($ '  - .& I  + i+ j2)2 
' '  s i n ( & ' + w - M )- 15 sin2 i sin2 $ cos6 $ 
(3i,t w-G)' 
5 i '  s i n ( y \ '  - 2n' - w - n )
.­+ 4 COS' (1  + l o c o s  i - 15 cos' i )  f i n '  i ' cos' 7 . -&j)' 
- 5 sin2 5 (1 - l o c o s  i - 15cos2  i )  s in '  i ' s i n 2  i '  s i n ( 3 ' - 4 R ' - w + n )  




. - 5P' - w t  29)
+ 	 5 s i n  i ( 1 * 2 cos i - 3 cos' i )  s i n  i s i n  . I  SI11 (a' 
(3h' - g y - ; + 2 R ) '  
- 15 s i n '  i cos' cos' i ' s i n  !_3hT .- w - 3)) - 27 ( 3h,  - w - gn1 
i '+ 	 3 s i n '  i s i n '  2i COS' 7 (1  + locos i '  - 1 5 ~ 0 s ~  s i n ( A '  + L - R )i ' )  (i*t 3 & - 6 ) 2  
3 i s i n  ( A '  - 3R' + L+% I )- 4 s i n  i cos' '2 s i n  i (1 + 2 cos i - 3 cos' i ) ---.­
( A ' - 3 h ' t 3 & t 2 b ) 2  
3 
~~= ­t T s i n  i s i n 4  2i s i n  i '  (1 - 2 c o s  i '  -3cos' i ' )  s i n  ( A '  + Q' t L-2n) 
( h ' t R ' t & . - 2 n ) 2  
9 i '  s i n  ( A '  -4R' + 3w+ m)
t T cos6 2i s i n '  i '  s i n '  7 ___ 
( /i,- 4nr t &.t $I) 
9 i i '  s i n  ( A '  t m't 3w- 311)- 7 s i n '  s i n '  i cos' 3 ( h '  + t 3;- 3(j)2 
3 i s i n  ( A '  - 3 w - R )
+ 16 s i n ' i c o s f T c o s 2  i '  ( 1 + 1 0 c o s i ' - 1 5 c o s ' i ' )  -
( i n - &- ( j ) 2  
3 - .~- v s i n  i cos4 + s i n  i (1  - 2 cos i - 3 cos' i 1 ) s i n  ( A '  + (1' -5-2n) ( h '  t h l  - &,- 2n)' 
3 . . .  s i n  ( A '  - s' - & t  m)- .­+ v s i n i s i n 4  2i s i n i ' ( 1 + 2 c o s i ' - 3 c o s 2 i ' )  -(h '  -- $I' - 3;+i ) 2  
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i t  s i n  (a'+ 3 s i n  i s i n 4  2i s i n  i ' cos4 -2 -fI' t 3W- 2n) 
(3h' - n, t &- 2 i ) 2  
15 i i '  s i n  ( & ' - 4 O ' - L t f I ) 

+ 	ig s i n 2  i s i n 2  2 s i n '  i '  s i n 2  7 ---. - - .  -. 2 - ­
(a - 4R' - 3; t n) 
- 3 s i n  i cos4 2i s i n i ' c o s 4  i '  s i n  ( 3 h '  . - R'  - &L- m)
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(st- a '  - &,- 7 J j ) 2  
i '  s in  (2'- 9'- 3 r Z t  Z-1)

t 3 s i n  i s i n 4  + s i n  i ' s i n 4  3 

( 3 ; ; ' - 5 n '  - 3 L , + G ) 2  

i i '  s in  (3 '- 3w- 312)
- 3 c o s 6  2 cos6 -2 






9J2a: e 3J;a: e 
(1 - 3 cosz  i )  + [20 - 125ez + 96 
d e  4a2(1 - e2)=I2 128 a 4 ( l  ­
- 6(40 - 75ez + 96 m)cos2  i + (860 - 125e2 + 864 m)cos4 i ]  
45 J4a,4e(2 + 5eZ) 
(3 - 30 c o s 2 i  + 35 cos4 
128a4(1 - ez)9’2 
9 J 2 a 2 s i n  i c o s  i 352282 s i n  i cos i+ [3(10 - 15e2 + 1 6  GZ)
d i  2aZ(1 - e2)3/2 32a4(1 - e2)7/2 
225J4a:e2 s i n  i c o s  i 
- (130 - 25e2 + 144 fiz)c o s 2 i ]  - (3  - 7 c o s 2 i )  ; 
32a4(1 - e2)7/2 I­
3J2a:e 3J;a:e 
de a2(1 - e2)3 (1  - 5 cos2 i) + [ - 64 - 75e2 + 8 4  64a4 (1 ­
l 5 J  a:e-
64a4 (1 - e2)5 [3(19 - 9e2) - 54(13 + 7e2) c o s 2 i  + 7(139 + 81e2) 
15J2a:sin i c o s  i 
* = n {  ~ t 
3J;a: s i n  i cos  i 
[3(6 - 21e2 + 32 G2)
d i  2a2(1 - e2)2 32a4 (1 - e2)4 
15J4a:sin i c o s  i- 5(86 - 9e2 + 7 2  b G 2 ) cos2  i ]  - [9(8 + 7e2) - 7(28 + 27e2) 
32a4(1  - e2)4 
6J2a:e cos  i 3Jia:e cos  i 
+ [7 - 27 e’ + 42 c2 
de  a Z ( l  - e2)3 16a4(1 - e2)5 








- -  
SOLAR RADIATION PRESSURE 
Referring to either Reference 3 or Reference 4, the long-period part of the solar radiation 
pressure disturbing function is 
i Z1oR = -F-
3ae [c o s 2 ~ s i n 2 ~ c o s  2 2 2 2 ( o - R t h , )2 2 2 ( w t R t A , ) +  cos2 -cos  :cos ( w + R - A , )  t s i n i c o s ~ c o s  
l . . . .  l . . . .+ s in2iss inZhcos  ( w - n - ~ , )  - -s in  1 s in locos  ( w t ~ , )t-sin 1 sini,cos ( O - A ~ )2 2 2 2 I 
where 
F = Force constant = ( - 4 . 6 3 ~IO-’ dyn/cm2) x ( A / m )  
The perturbations in the orbital elements caused by solar radiation pressure are  derived in 
the same manner as those due to lunar and solar gravitation. If we replace the series Ai in Equa­
tions 4 and 5 by the B~ defined below, we will have the expressions for the long-period solar ra­
diation pressure effects. The various Bi are  as follows: 
i cos  ( w - R t A , )  2i,cos ( w - n - h , )  
f s i n 2  i c o s 2  2 . + sin2 i s i n  ­
2 L - h t A ,  L-h-A,  
1 , , , , cos ( w + h , )  
+ 1sin i sin i, c o s  ( w - A , )  
2 S1ni, & + A ,  2 & - A ,  
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* s h ( w + R + A , )  
+ cos2  L o ,  i,- sin (wt R - A,)= - F -:’[ cos2 i 3 . 2 . .2 
i. sin (w-n+X,) iosin (w-n-h , )+ s i n 2  ‘ c o s 2  Po + sin’ i s i n  i . .2 
i - h+ i ,  2 LJ-.n-x, 
1 --1 sin i s in i ,  sin (w+A,) t - s i n i  sini,  sin (w- A,). 
2 ;+x, 
_ ­- e a % ;  
i, sin ( w + f l + h , )  i sin ( w + R - A , )-= F %  [sin i sin’ ;+A+;;, + sin i cos’ 2 . * i + R - A ,  
i, sin ( w  - fl +A,) i, sin ( w - 0 - A,)
- s i n  i cos - - sin i sin ­ . * 
L f l + X @  L - R - A ,  
+ cos  i sini, sin (w + A,) - cos i s in i , -sin ( w - A,) 
13+ A, w - A  
3 n 
F o s 2  sin 
i,- sin (w + R + A,) + c o s 2  2 i, sin (w  + fl - A,)=-F­2 na 2 
(i+h +X,)’ 2 cos  - ( i J + h -i @ ) 2  
i, sin (W - R +  A,) i ,sin (w - n - A,)
t s i n 2 2  cos  - + sin2 i s i n  ­2 
(iJ- h + i , ) 2  2 ( A - h - X , ) 2  
1 .  	 1sin i sini, sin ( w +  A,) + -sin i s in i ,  sin (w - A,) 





B,  = I S i  dt 
-	 cos  i B, dt - 1 
n a2 JI-eZ sin i 
-	 e c o t  i 
1 - e2 B-5 
+-3 F e 
i, sin (w + R t A,) i, sin ( w t R - A,) 
t cos2 cos2 ­
n a f i s i n  i (& t 6t i ,)2 2 2 (6t h - i,)2 
i, sin (0 - Q t A,) 
s i n 2  isin2 2 i sin ( w  - R -A,) - s i n 2 1  cos  ­
2 2 (& - 6+ X,)2 2 2 ( & - h - i , ) 2  1. 
SOLAR AND LUNAR QUANTITIES 
The various quantities ( i ’ ,  A’,  etc.) needed in the perturbation formulas can be obtained from 
References 6 and 7. However, the formulas needed to compute these quantities a r e  reproduced 
here for convenience. In addition, the transformations necessary to refer the lunar quantities to 
the earth’s equatorial plane are given. So that the reader need not refer to Reference 6 or 7, the 
following information is given: 
For January 1.0, 1960, the number of days since January 0.5, 1900, is 21914.5. To find T for 
a later epoch, add to this figure the number of days between January 1.0, 1960, and the epoch, and 
divide by 36525. 
For the sun: 
m, = 0.999997 
e, = 0.01675104 - 0.00004180T - 0.00000013T2 
no = 0?98560027/day 
A, = 279?69668 + 36000?76892T + 0?00030T2 
w, = 281?22083 + 1?71918T + 0?00045T2 
R, = 0 
i, = 23?452294 - 0?013013T - 0?000002T2. 
The mean motions of the angular variables a r e  determined by differentiating the proper equations 
above with respect to T. 
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For the moon, the basic quantities (referred to the ecliptic) are as follows: 
m, = 0.012150668 
e, = 0.054900489 
c = 270?43416 + 481267:88314T - 0?00113T2 
rif = 334?32956 + 4069?03403T - 0?01033T2- 0 0 0 0 0 0 1 ~ ~  
a" = 259?18328 - 1934?14201T + 0?00208T2 
n, = 13?064993/day 
i"  = 5?1453964. 
(Note: r'' and a'' a r e  written I-' and n in References 6 and 7.) 
The transformations needed to refer the lunar quantities to the basic reference plane may be 
derived through the use of Figure 1. Thus, 
COS i, = cos i" cos i, - sin i "  sin i, cos Q " ,  
sina, = sin i" s i n n "  
sin i, 
cos i" - cos i, cos i, 
cos n, = 
sin i, sin i, 
sin [w, - (r"-n")I= sin i, sin n" 
sin i, ' 
cos rw, - (r"-n")i = cos i ,  - cos  i" cos i, 
sin i" sin i, 
and 
Then, 
d i ,  
_
-
d t  
(cos i t i  sin i, + sin i" cos i, cosa~j)-?sin i l l  sin i, sins" 
d t  sin i, 
= sin i" cos i, sina"di ,  
' sin i, cosa, sin i ,  d t  
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. . .  1 cos  i ,  sinn"+n"sini ,  cosn"- sin i, cos  i, sinfl"di, wc = P - n"+




EARTH ' S EQUATOR 
LUNAR ORBIT 
Figure 1-Geometrical relations between angular elements. 
COMPARISON WITH OBLATENESS 
One can obtain an estimate of the magnitude of the secular and long period luni-solar pertur­
bations relative to those due to the earth's oblateness by a study of the parameters appearing as 
factors in the disturbing functions. 
It can be seen from the 1959 paper of Brouwer (Reference 5) that the long-period part  of the 
Hamiltonian F$P appears with the small  factors Jzz/a: J3/a 4, J4/a5 ,  and J5/a6,  and the secular parts 
F,, and F;s have J2/a3,  J2/a5, and J4/a5 as small factors (Fzp, although second order, gives r i se  
to first-order long-period perturbations). The secular and long-period gravitational disturbing 
functions of the sun and moon have the factors m, n,' a*  and mc n z  a', respectively. The long-period 
solar radiation pressure disturbing function appears with -Fa as a multiplier (for illustration, the 
value of A/m for Telstar 2, which is about 0.074860427 cm '/gm, was chosen for use in this analysis). 
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Table 1 in Appendix B gives a listing of these parameters for increasing values of a; here, 
the values of the zonal harmonic coefficients used were those adopted by the Goddard Computing 
Center (see Appendix A). In addition, the radius of the earth has been chosen as the unit of distance, 
time is expressed in the Vanguard unit (806.832 sec.), and angular measure is in radians. 
Assuming that divisors of approximately the same order ar ise  in the integration of both the 
oblateness and luni-solar disturbing functions, we can see that at about a * 1.2 the long-period 
effects due to luni-solar gravitation are about the same as those arising from J, . Further, at 
a % 1.9 the luni-solar long-period effects are just as important as those due to any one of J:, J J ,  
J,, o r  J,. Also, at a % 3, solar radiation pressure is as significant as the oblateness of the earth. 
For  increasing values of a, of course, the luni-solar forces became progressively larger while 
the effects due to the earth's oblateness diminish. 
As far as the secular terms are concerned, the luni-solar effects became comparable to the 
oblateness effects at about a * 5 .  Therefore, the integration becomes invalid at this point, and 
the formulas should not be used for satellites whose orbits have semimajor axes exceeding this 
value. 
The next section presents a study of the effects of luni-solar forces on the motions of Relay 1 
and Telstar 2. 
ANALYSIS OF RELAY 1 AND TELSTAR 2 
An examination of the mean orbital elements of Relay 1 and Telstar 2 reveals quite substantial 
long-period variations remaining in the eccentricity, inclination, argument of perigee, and longitude 
of ascending node. These elements a r e  the "double-primed" variables of Brouwer (see Reference 
5), so the effects due to the earth's zonal harmonics through J 5  have been accounted for. Since the 
two satellites are high enough so that air drag may be neglected, it was felt that these perturba­
tions might be due to luni-solar forces. For the purpose of this analysis, only the long-period 
t e rms  arising from the second Legendre polynomial a r e  considered. 
Data for Relay 1 and Telstar 2 spanning 630 and 525 days, respectively, were analyzed (see 
Appendix B). The mean values of eccentricity and inclination a r e  given in Tables B2 and B5 (Ap­
pendix B) in the columns headed "e" and *I i," while the " ecr' and ic 'I columns list the corrected 
values; i.e., i f  Se is the perturbation in e computed from the formulas in this paper, then 
(The double-primed elements for each epoch were used to compute all luni-solar perturbations.) 
Figures 2 to 5 give plots of the uncorrected and corrected values of e and i against time. 
It is clear that the major portions of the perturbations were indeed due to luni-solar forces. 
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Figure 2-Eccentricity of Relay 1. 
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Figure 3-Inclination of Relay 1. 
The argument of perigee and the longitude of ascending node were handled in a somewhat dif­
ferent fashion because of the presence of secular effects. First, the existence of long-period 
variations in the double-primed elements was detected by examining the residuals from least-
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were subtracted from the double-primed elements, additional least squares analyses of the same 
type were made, and the residuals were again examined. The least squares results are as follows: 
(1) Relay 1: 
w = 349304 + (1:21264/day) ( t  - to) 
= W - sw = 349?850 + (1:21206/day) ( t  - to) 
R = 37:035 - (1?27953/day) (t - t o) 
Rc = 0 - SR = 36?885 - (127895/day) (t - t o )  
(2) Telstar 2: 
w = 297:183 + (1:21685/day) (t - t o )  
w C  = w - 6w = 297?242 + (1?21716/day) (t - t o )  
n = 76303 - (1:05483/day) (t - t o )  
Rc = R - 612 =76?446 - (1?05497/day) ( t  - t o )  
Tables 3, 4, 6 and 7 (Appendix B) give the uncorrected and corrected values of w and Q in ad­
dition to the residuals from the least  squares analyses. The other entries in the tables are self-
explanatory - they were computed under the assumption that the secular motions obtained from 
the least  squares fits to the corrected data a r e  more nearly the true values. 
Figures 6 to 13 indicate that the principal remaining variations in the argument of perigee and 
longitude of ascending node were caused by the sun and the moon. Figures 7, 9, 11, and 13 
reflect the presence of long-period luni-solar perturbations which appear to be secular effects 
over the time intervals studied; this explains the differences in the secular motions obtained in the 
least squares analyses of uncorrected and corrected data. 
To illustrate the fact that long-period luni-solar effects can be as significant as first-order 
long-period oblateness effects, let u s  examine the perturbations in the eccentricity of Relay 1 and 
Telstar 2. Tables 8 and 9 present the amplitudes of the principal long-period terms appearing in 
the formulas for the luni-solar and oblateness effects, along with the corresponding arguments 
and periods (the formulas for  the oblateness terms were obtained from Reference 5). It is clear 
that the luni-solar effects are just as important as oblateness perturbations. Table 1 also indicates 
this, since the orbits of Telstar 2 and Relay 1 have semimajor axes of about 1.9 and 1.7 earth radii, 
respectively. 
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Effective presentation a rea  of satellite, approximately (1/4)X total surface area 
Semimajor axis of satellite's orbit 
Semimajor axis of disturbing body's orbit relative to earth 
Mean equatorial radius of earth (6378.388 km.*) 
Eccentricity of satellite's orbit 
Eccentricity of disturbing body's orbit relative to earth 
Eccentricity corrected for long-period lunar and solar effects 
Solar radiation pressure force constant 
Gravitational constant 
Inclination of satellite's orbital plane to earth's equatorial plane 
Inclination of disturbing body's orbital plane to earth's equatorial plane 
Inclination of lunar orbital plane to ecliptic 
Inclination corrected for long-period lunar and solar effects 
Zonal harmonic coefficients in earth's gravitational potential (J ,  = 1.08219 X 
J, = -2.285 X J4 = -2.123 X and J 5  = -2.32 X 
Mean anomaly of satellite 
Mean motion of mean anomaly 
Mass of satellite 
Ratio of mass of disturbing body to mass of disturbing body plus mass of earth 
Mean motion of satellite, zx 














t - t o  
r 
A '  
R' 
R" 
w '  
w 
- ,w 
Mean motion of disturbing body relative to earth 
Legendre polynomials 
Force function for disturbing body 
Solar radiation pressure disturbing function 
Geocentric distance of satellite 
Geocentric distance of disturbing body 
cos ( Y ,  Y ' )  
Number of Julian Centuries (of 36525 days) from January 0.5, 1900 
Number of days from initial epoch. 
Mean longitude of lunar perigee, measured in ecliptic from mean equinox of date 
to mean ascending node of lunar orbit, and then along the orbit 
Mean longitude of disturbing body, measured in earth's equatorial plane from 
mean equinox of date to mean ascending node of disturbing body's orbit, and then 
along the orbit 
Mean secular motion of X' 
Longitude of ascending node of satellite's orbit 
Longitude of mean ascending node of disturbing body's orbit on earth's equator, 
measured from mean equinox of date 
Longitude of mean ascending node of lunar orbit on ecliptic, measured from mean 
equinox of date 
Mean motion of longitude of ascending node 
Mean secular motion of a' 
Longitude of ascending node corrected for long-period lunar and solar effects 
Argument of perigee of satellite's orbit 
Argument of perigee of disturbing body's orbit, measured from mean ascending 
node on earth's equator 
Mean motion of the argument of perigee 
Mean secular motion of w '  
Argument of perigee corrected for long-period lunar and solar effects 
Mean longitude of moon, measured in ecliptic from mean equinox of date to mean 
ascending node of lunar orbit, and then along the orbit 
The quantities e, ,  A,, etc. refer  to the corresponding primed quantities when the 









Parameters  in the Secular and Long-Period Disturbing Functions. 
a 
[earth J, /a3 J,2/a5 J, /a4 J4 / a5  J, /a6 m, Q~a' -Fa 
radii) 
~~ 
1.00 10.082~10-' .l.70x10 - ; .22.85~10- -21 .23~10-~-232.Ox10- 0.550 7x10- 2.579~10-~3.537xlB' 
1.05 9.347 9.173 .18.81 -16.64 -173.1 .6071 2.843 3.714 
1.10 8.129 7.269 .15.62 -13.18 -131.0 .6663 3.121 3.891 
1.15 7.114 5.820 .13.06 -10.56 -100.3 .7283 3.411 4.068 
1.20 6.262 4.705 .11.02 -8.535 -77.72 .7930 3.714 4.244 
1.25 5.540 3.836 -9.360 -6.957 -60.82 .8605 4.030 4.421 
1.30 4.925 3.153 -8.000 -5.718 -48.06 .9307 4.359 4.598 
1.35 4.398 2.611 -6.879 -4.735 -38.33 1.004 4.700 4.775 
1.40 3.943 2.176 -5.948 -3.947 -30.81 1.O 79 5.055 4.952 
1.45 3.549 1.826 -5.169 -3.312 -24.96 1.158 5.422 5.129 
1.5 3.206 1.542 -4.513 -2.796 -20.37 1.239 5.803 5.306 
1.6 2.642 1.117 -3.487 -2.024 -13.83 1.410 6.602 5.659 
1.7 2.202 .8244 -2.736 -1.495 -9.611 1.592 7.453 6.013 
1.8 1,855 .6196 -2.177 -1.123 -6.822 1.784 8.356 6.367 
1.9 1.577 .4727 -1.753 -.8574 -4.932 1.988 9.310 6.720 
2.0 1.352 .3657 -1.428 -.6635 -3.625 2.203 10.32 7.074 
2.2 1.016 .2272 -.9755 -.4120 -2.046 2.665 12.48 7.781 
2.4 .7827 .1470 -.6888 -.2666 -1.214 3.172 14.86 8.489 
2.6 .6156 .09856 -.5000 -.1787 -.7510 3.723 17.43 9.196 
2.8 .4929 .06801 -.3718 -.1234 -.4814 4.317 20.22 9.904 
3.0 .4007 .04816 -.2821 -.08737 -.3182 4.956 23.21 .0.61 
3.5 .2524 .02229 -.1523 -.04042 -.1262 6.746 31.59 .2.38 
4.0 .1691 .01143 -.08925 -.02073 -.05665 8.811 41.26 .4.15 
4.5 .1187 .006342 -.05572 -.00151 -.02794 11.15 52.22 .5.92 
5.O .08656 .003746 -.03656 -.006794 -.01485 13.77 64.48 .7.69 
63 

Table B 2  
Eccentricity and Inclination of Relay 1. 
% 1.6867 earth radii] 
t - t o *  e eC (deg) 
i C  t - to  e e c  (de@ 
i c  
(de@ 
~ 
0 0.28487 0.28430 47.524 47.509 314 0.28500 0.28427 47.527 47.508 
14 .28478 .28429 47.523 47.507 321 .28500 .28423 47.525 47.509 
2 1  .28474 .28425 47.523 47.508 328 .28505 .28425 47.522 47.507 
28 .28474 .28430 47.524 47.510 335 .28505 .28424 47.520 47.509 
35 .28468 .28425 47.521 47.509 363 .28496 .28419 47.511 47.508 
42 .28466 .28428 47.518 47.506 367 .28495 .28423 47.510 47.508 
49 .28462 .28425 47.518 47.509 377 .28487 .28421 47.510 47.508 
56 .28463 .28429 47.518 47.508 384 .28482 .28422 47.509 47.509 
63 .28455 .28423 47.517 47.509 391 .28473 .28422 47.509 47.508 
77 .28449 .28424 47.515 47.509 398 .28467 .28422 47.508 47.510 
84 .28449 .28427 47.513 47.510 406 .28457 .28423 47.507 47.510 
9 1  .28437 -28418 47.509 47.506 413 .28452 .28422 47.506 47.510 
98 .28445 .28429 47.509 47.510 420 .28446 .28423 47.502 47.510 
105 .28439 .28428 47.507 47.509 427 .28443 .28421 47.502 47.509 
112 .28439 .28429 47.506 47.510 434 .28439 .28424 47.501 47.512 
119 .28436 .28429 17.506 47.510 441 .28437 .28422 47.504 47.510 
126 .28435 .28428 47.507 47.511 448 .28436 .28423 47.505 47.512 
133 .28433 .28429 17.507 47.510 455 .28434 .28420 47.507 47.510 
140 .28434 .28429 17.509 47.509 46 2 .28435 .28421 47.508 47.511 
147 .28435 .28432 17.509 47.509 469 .28433 -28417 47.509 47.509 
154 .28434 ..28428 $7.512 47.508 4 76 .28436 .28417 47.511 47.510 
161 .28433 .28428 $7.510 47.509 483 .28437 .28414 47.512 47.510 
168 .28437 .28428 $7.510 47.508 490 -28443 .28416 47.513 47.510 
175 .28435 .28426 $7.509 47.511 504 .28450 .28415 47.510 17.509 
182 .28437 .28422 $7.506 47.508 511 .28449 .28411 47.509 17.510 
189 .28440 .28425 $7.505 47.510 518 .28454 .28412 47.508 $7.507 
196 .28441 .28420 $7.504 47.510 525 .28452 .28411 47.511 $7.510 
203 .28442 .28422 17.505 47.510 532 .28450 .28407 47.512 $7.508 
210 -28444 .28418 L7.506 47.512 539 .28452 .28412 47.516 $7.510 
217 .28449 .28421 C7.507 47.509 546 .28454 .28412 47.518 17.509 
224 .28452 .28419 L7.509 47.510 553 .28448 .28413 47.520 $7.508 
231 .28457 .28422 L7.513 47.510 560 .28451 .28416 47.523 L7.510 
238 .28460 -28420 L7.515 47.511 56 7 ,28444 .28414 47.524 L7.509 
245 .28465 .28421 17.516 47.510 574 .28443 .28412 47.524 L7.509 
252 .28466 .28419 L7.517 47.510 581 .28443 .28417 47.523 L7.508 
258 -28473 -28425 L7.517 47.509 588 .28446 .28417 47.523 L7.508 
265 .28475 .28421 L7.518 47.509 595 .28445 .28419 47.522 47.508 
272 .28481 .28426 C7.519 47.509 602 .28451 .28418 47.521 L7.507 
279 -28480 .28421 L7.521 47.509 609 .28453 .28420 47.521 L7.508 
286 .28486 .28426 L7.522 47.509 616 .28460 .28419 47.521 L7.508 
293 .28486 .28422 L7.524 47.508 623 -28466 .28422 47.520 17.508 
300 .28494 .28428 i7.526 47.509 630 .28474 .28420 47.517 L7.507 
307 .28493 .28423 17.528 47.510 
i i 




Argument of Perigee (Relay 1). 

t - to  
w Residuals* 
(de& (deg) 
0 349.751 0.047 
14 6.732 .051 
21 15.220 .050 
28 23.710 .052 
35 32.199 -052 
42 40.666 .031 
49 49.154 .030 
56 57.635 .023 
63 66.116 .015 ' 
77 83.066 -.012 
84 91.543 -.023 
91 100.029 -.026 
98 108.501 -.042 
105 116.995 -.037 
112 125.477 -.043 
119 133.967 -.041 
126 142.460 -.037 
133 150.949 -.036 
140 159.439 -.035 
147 167.941 -.021 
154 176.438 -.013 
161 184.932 -.007 
168 193.44 0 .012 
175 201.924 .008 
182 210.421 .017 
189 218.916 .022 
196 227.408 .026 
203 235.894 .024 
210 244.383 .024 
217 252.867 -020 
224 261.353 .017 
231 269.826 .002 
238 278.308 -.004 
245 286.783 -.018 
252 295.263 -.027 
258 302.526 -.039 
265 311.013 -.04 1 
272 319.490 -.052 
279 327.983 -.048 
286 336.469 -.051 
293 344.967 -.041 
300 353.455 -.041 
'From least squares f i t ,  0 = 349.O704 + ( 
*From least squares fit ,  o = 349.?850 t 
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Table B3 - Continued 

Argument of Perigee (Relay 1)- Continued. 

- -. 
t - to  
w Residuals* 
w C  Residuals ** 
(deg) (de@ (de@ 
~- -
307 1.949 -0.036 1.969 0.015 
314 10.436 -.037 10.457 .020 
321 18.937 -.025 18.937 .015 
328 27.421 -.029 27.421 .014 
335 35.919 -.020 35.899 .008 
363 69.898 .006 69.842 .014 
36 7 74.751 .008 74.696 .019 
377 86.870 .001 86.804 .006 
384 95.363 .005 95.301 .019 
391 103.869 .022 103.798 .032 
398 112.338 .003 112.271 .020 
406 122.041 .005 121.96 7 .019 
413 130.530 -005 130.453 .022 
420 139.007 -.006 138.925 .009 
427 147.499 -.002 147.414 .013 
434 155.983 -.007 155.889 .004 
44 1 164.478 -.ooo 164.374 .004 
448 172.965 -.002 172.855 .001 
455 181.466 .010 181.342 .004 
462 189.955 .011 189.824 .001 
46 9 198.454 -022 198.303 -.005 
476 206.945 .024 206.789 -.003 
483 215.448 .038 215.2 70 -.006 
490 223.943 .045 223.759 -.001 
504 240.939 .064 240.730 .001 
511 249.431 .068 249.204 -.010 
518 257.925 .O 74 257.698 -.001 
525 266.415 .O 74 266.1 73 -.010 
532 274.906 .077 274.669 .002 
539 283.384 .066 283.139 -.013 
546 291.863 .057 291.631 -.005 
553 300.337 .043 300.104 -.017 
560 308.808 .026 308.592 -.013 
567 317.286 .015 317.071 -.018 
574 325.760 .ooo 325.561 -.012 
581 334.233 -.015 334.038 -.020 
588 342.714 -.023 342.534 -.008 
595 351.188 -.037 351.008 -.019 
602 359.666 -.047 359.498 -.013 
609 8.149 -.053 7.983 -.013 
616 16.625 -.066 16.469 -.012 
6 23 25.106 -.073 24.949 -.016 
630 33.595 -.072 33.445 -.004 
*From least squares Fit, w = 349.'704 t (l.'21264/day) ( t  -to).  
**From least squares Fit, w c  = 349'850 t (1?21206/day) (t -to).  






























































































Longitude of Ascending Node (Relay 1).

i 
t - t o  
R Residuals* flc /lesiduals** 
(deg) (deg) (de@ 
0 37.021 -0.014 36.913 0.028 
14 19.106 -.015 19.001 ' .021 21 10.152 -.012 10.048 .021 
28 1.194 -.014 1.0931 .019 
35 352.237 -.014 352.137 .016 
42 343.277 -.017 343.181 .012 
49 334.320 -.017 334.228 .012 
56 325.367 -.014 325.y17 .013 
63 316.409 -.015 316.323 .012 
77 298.497 -.014 298.414 .009 
84 289.547 -.007 289.463 .010 
91 280.592 -.005 280.510 .010 
98 271.635 -.005 271.553 .005 
105 262.678 -.006 262.599 .004 
112 253.723 -.004 253.647 .005 
119 244.767 -.003 244.693 .003 
126 235.809 -.004 235.738 -001 
133 226.854 -.003 226.783 -.001 
140 217.900 .ooo 217.831 .ooo 
147 208.945 .002 208.874 -.004 
154 199.994 .008 599.923 -.003 
161 191.042 .012 $90.969 -.004 











64.106155.151 -.005 -.009 -.011 
196 146.267 .021 146.199 -.010 
203 137.312 .023 137.249 -.008 
210 128.353 -020 128.294 -.011 
217 119.399 -023 119.344 -.008 
224 110.443 .024 110.392 -.007 
231 101.490 .028 101.440 -.006 
238 92.532 -026 92.487 -.006 
245 83.579 .030 83.536 -.005 
252 74.623 .031 74.586 -.003 
258 66.946 .031 66.910 -.004 
265 57.985 .027 57.957 -.005 
272 49.028 .027 49.005 -.004 
279 40.067 .022 40.051 -.005 
286 31.108 .020 31.097 -.007 
293 22.150 .019 22.144 -.007 
300 13.190 .016 13.190 -.009 
*From least squares fit, fl = 37.O035 - (l.O27953/day) (t - t o ) .  
'From least squares fit, flc = 36.O885 - (l.O27895/day) (t - t o ) .  












































































































































































Table B4 - Continued 
Longitude of Ascending Node (Relay 1)- Continued. 
~ I 
R Residuals* R c  Residuals** R + (1.27895) (t -to) R c  + (1.27895) (t-to 
(deg) (de@ (deg) (deg) (deg) ( d m  
307 4.234 0.016 4.236 -0.010 36.873 36.875 
314 355.276 -014 355.282 -.011 .867 3 7 4  
321 346.31 7 .013 346.328 -.013 .862 .872 
328 337.359 .012 337.376 -.012 .856 .a73 
335 328.397 .006 328.422 -.014 3 4 7  .871 
36 3 292.540 -.024 292.607 -.om .a01 .867 
367 287.421 -.025 287.492 -.017 .797 3 6 8  
377 274.619 -.032 274.705 -.014 .785 .871 
384 265.6 59 -.035 265.751 -.016 .777 .869 
391 256.702 -.035 256.801 -.013 .773 3 7 2  
398 247.747 -.034 247.84 9 -.012 .770 -873 
406 237.511 -.033 237.617 -.012 .767 .a73 
413 228.560 -.027 228.671 -.006 .768 .a79 
420 219.603 -.028 219.715 -.009 .764 .876 
427 210.641 -.033 210.758 -.013 .755 .872 
434 201.688 -.029 201.807 -.011 .754 .a74 
441 192.733 -.027 192.857 -.009 .752 -876 
448 183.777 -.027 183.903 -.010 .748 A75 
455 174.820 -.027 174.948 -.012 .745 .a73 
46 2 165.871 -.020 166.001 -.007 .748 .878 
469 156.917 -.017 157.046 -.009 .746 .876 
4 76 147.965 -.012 148.096 -.007 .747 3 7 8  
483 139.011 -.009 139.142 -.008 .746 3 7 7  
490 130.059 -.005 130.192 -.005 .747 .880 
504 112.147 -.003 112.289 -.003 .740 .882 
511 103.189 -.004 103.340 .001 -735 .886 
518 94.231 -.006 94.387 .001 .729 .886 
525 85.271 -.009 85.438 .004 .722 .889 
532 76.315 -.008 76.486 .005 .719 .a90 
539 67.358 -.008 67.538 .009 .715 .a94 
546 58.404 -.006 58.586 .011 .713 .896 
553 49.451 -.002 49.638 .014 .713 .a99 
560 40.498 .002 40.686 .016 .713 .501 
567 31.547 .008 31.737 .019 .715 .904 
574 22.593 .010 22.784 ,019 .713 .904 
581 13.639 .014 13.831 .018 .712 .903 
588 4.684 .015 4.877 .018 .710 .903 
595 355.729 .016 355.923 .016 .707 ,901 
602 346.774 .019 346.971 .017 .705 .902 
609 337.817 .018 338.016 .015 .700 ,900 
616 328.864 .022 329.065 .016 -700 .g01 
623 319.909 .023 320.1 14 .017 .698 .902 
630 310.951 .022 311.157 .014 .692 .a99 
-~ 
'From least squares fit, 0 = 37.'035 - (l.O27953/day) (t - to) .  
'From least squares fit, nc= 36.OS85 - (l.O27895/day) (t - t o ) .  
t - t o  
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Eccentricity and Inclination of Telstar 2. 
[.% 1.9232 ear th  radii] 
t - to e i c  
(deg) 
0.40114 42.753 42.757 273 0.40162 0.40115 42.739 42.757 
.40114 42.759 42.759 280 .40166 .40111 42.739 42.759 
.40113 42.762 42.756 287 .40162 ,40112 42.743 42.758 
.40114 42.765 42.756 294 .40164 .40111 42.745 42.758 
.40115 42.770 42.755 300 .40157 .40112 42.750 42.757 
.40116 42.772 42.755 307 .40157 .40113 42.753 42.758 
.40114 42.776 42.754 314 .40147 .40115 42.759 42.757 
.40115 42.776 42.753 321 .40142 .40113 42.768 42.763 
.40if6 42.777 42.754 328 .40128 .40116 42.768 42.759 
.40116 42.777 42.755 335 .40124 .40115 42.770 42.758 
.40114 42.773 42.755 342 .40111 .40117 42.772 42.759 
.40116 42.772 42.756 349 .40106 .40114 42.772 42.757 
.40115 42.769 42.757 356 .40095 .40118 42.771 42.756 
.40117 42.766 42.756 363 .40095 .40115 42.774 42.756 
.40116 42.764 42.757 370 .40087 .40118 42.774 42.757 
.40116 42.763 42.757 377 .40090 .40114 42.776 42.756 
.40119 42.761 42.757 384 .40087 .40120 42.778 42.758 
.40117 42.761 42.757 391 .40094 .40117 42.780 42.757 
.40118 42.760 42.757 398 .40091 .40119 42.780 42.758 
.40116 42.757 42.757 405 A0100 .40116 42.781 42.758 
.40116 42.756 42.757 412 .40098 .40119 42.780 42.757 
.40115 42.752 42.758 419 .40108 .40116 42.779 42.758 
.40117 42.750 42.756 426 .40106 .40118 42.777 42.756 
.40115 42.745 42.756 433 .40115 .40115 42.776 42.758 
.40117 42.743 42.755 440 .40114 .40119 42.775 42.757 
.40115 42.742 42.756 447 .40124 .40117 42.774 42.757 
.40115 42.743 42.758 454 .40124 .40120 42.773 42.757 
.40109 42.743 42.754 46 1 .40133 .40117 42.773 42.756 
.40115 42.745 42.756 46 8 .40135 .40121 42.772 42.757 
.40112 42.748 42.755 475 .40144 .40117 42.774 42.756 
.401fl 42.749 42.758 482 .40145 .40118 42.771 42.757 
.40113 42.750 42.754 490 .40156 .40113 42.771 42.758 
-40109 42.745 42.754 497 .40159 -40115 42.766 42.759 
.40112 42.748 42.756 504 .40170 .40113 42.762 42.759 
.40112 42.746 42.759 511 .40175 .40117 42.755 42.759 
.40111 42.745 42.759 518 .40181 .40111 42.751 42.761 
.40115 42.740 42.757 525 .40186 .40114 42.745 42.759 
.40113 42.736 42.755 




Argument of Perigee (Telstar 2).

-
t - to  Residuals* Residuals ** 
(deg) (deg) 
0 297.088 -0.095 297.241 -0.001 
14 314.136 -.083 314.282 -.ooo 
21 322.671 -.066 322.798 -.004 
28 331.181 -.074 331.315 -.007 
35 339.717 -.056 339.833 -.010 
42 348.234 -.057 348.356 -.007 
49 356.769 -.040 356.871 -.012 
56 5.292 -.035 5.400 -.003 
63 13.827 -.018 13.918 -.005 
70 22.357 -.006 22.453 .010 
77 30.883 .002 30.960 -.004 
84 39.408 -009 39.491 .008 
91 47.947 .030 48.012 .009 
98 56.457 .023 56.531 .007 
105 64.990 -037 65.047 .003 
112 73.509 .039 73.579 .015 
119 82.030 .041 82.089 .005 
126 90.544 .038 90.620 .017 
133 99.060 .036 99.129 .005 
140 107.560 .018 107.650 .006 
147 116.O 78 -018 116.168 .004 
154 124.582 .004 124.6 94 .009 
161 133.103 .006 133.210 .006 
168 141.608 -.007 141.734 .010 
175 150.129 -.003 150.254 .009 
182 158.635 -.015 158.7 76 .011 
189 167.151 -.017 167.284 -.001 
196 175.657 -.029 175.801 -.004 
203 184.197 -.007 184.336 .011 
210 192.707 -.015 192.853 .008 
217 201.230 -.010 201.368 .003 
224 209.755 -.003 209.896 .010 
231 218.266 -.010 218.399 -.006 
238 226.789 -.004 226.924 -.001 
245 235.317 .005 235.441 -.005 
252 243.850 .021 243.970 .004 
259 252.366 -018 252.473 -.013 
266 260.902 .036 261.003 -.003 -
*From least squares fit, w = 297.O183 + (I.O21685/day) (t - to). 
"From least squares fit, wc = 297.O242 + (1.'21716/day) ( t  - to) .  
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Table B6 - Continued 
Argument of Perigee (Telstar 2) - Continued. 
w Residuals* w C  Residuals** w - (1".1716) (t-to) wC - (1:21716) (t- to)t - t o  
(deg) (de@ (deg) (deg) 
~ 
273 269.417 0.034 269.505 -0.021 297.133 297.221 

280 277.945 -043 278.023 -.023 .141 -219 

287 286.483 .064 286.549 -.017 .159 .225 

294 295.017 .080 295.078 -.008 .173 .234 

300 302.321 .083 302.375 -.014 .174 -228 

307 310.850 .094 310.905 -.004 .183 .238 

314 319.368 .094 319.419 -.011 .181 .231 

321 327.890 .098 327.948 -.002 .183 .240 

328 336.402 .092 336.460 -.010 .174 -232 

335 344.916 .088 344.984 -.006 .168 .236 

342 353.427 .081 353.499 -.011 .160 .231 

349 1.941 .077 2.028 -.002 .153 .240 

356 10.459 .077 10.551 .001 .151 .244 

363 18.964 .064 19.074 .004 .136 .246 

370 27.469 .051 27.588 -.002 .121 240 

377 35.965 .029 36.108 -.002 .097 .240 
384 44.474 .020 44.628 -.003 .086 .239 
391 52.975 .004 53.154 .004 .067 .246 
398 61.476 -.013 61.669 -.001 .048 .241 
405 69.973 -.035 70.195 .004 .024 .246 
412 78.475 -.051 78.709 -.002 .006 .241 
419 86.969 -.075 87.226 -.005 296.980 .237 
426 95.488 -.074 95.754 .003 -979 .245 
433 103.993 -.087 104.276 .005 .964 .247 
440 112.504 -.094 112.790 -.001 .955 .241 
447 121.020 -.095 121.313 .002 -951 .244 
454 129.538 -.095 129.828 -.004 .949 .238 
461 138.078 -.074 138.368 .016 .968 .258 
468 146.594 -.075 146.875 .004 .964 .246 
475 155.124 -.063 155.399 .007 .974 .249 
482 163.652 -.053 163.916 .004 .982 .246 
490 173.398 -.042 173.649 -.ooo .991 .242 
497 181.927 -.031 182.169 .ooo 297.000 .242 
504 190.464 -.012 190.690 .001 .017 .243 
511 199.005 .011 199.220 .010 .037 .252 

518 207.532 .021 207.730 .001 .045 .243 

525 216.070 .041 216.256 .007 ,063 .249 

*From least squares fit, o = 297.O183 + (I.O21685/day) (t - to). 
**Fromleast squares fit, w c  = 297.O242 + (l.'21716/day) (t - to) .  
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Residuals*t - to  
(deg) 
0 76.520 0.017 
14 61.737 .001 
21 54.348 -.004 
28 46.960 -.008 
35 39.574 -.010 
42 32.189 -.012 
49 24.803 -.014 
56 17.420 -.013 
63 10.035 -.014 
70 2.653 -.012 
77 355.269 -.013 
84 347.8 81 -.017 
91 340.491 -.023 
98 333.107 -.023 
105 325.718 -.029 
112 318.330 -.032 
119 310.945 -.033 
126 303.564 -.031 
133 296.182 -.029 
140 288.806 -.021 
147 281.431 -.012 
154 274.05 7 -.003 
161 266.684 -008 
168 259.306 .014 
175 251.932 .024 
182 244.556 .031 
189 237.180 .039 
196 229.801 .044 
203 222.424 .051 
210 215.045 .056 
2 17 207.668 .063 
224 200.289 -068 
231 192.906 .068 
238 185.525 .071 
245 178.135 .064 
252 170.746 .060 
259 163.352 .050 
266 155.956 .037 
Table B7 
Longitude of Ascending Node (Telstar 2). 
QC 
Residuals** 0 + (1.05497) (t- to) 
(de@ (deg) (deg) 
76.449 0.003 76.520 
61.676 -.ooo .507 
54.295 ,004 .502 
46.910 .003 .499 
39.526 .004 .498 
32.141 .003 .498 
24.753 .ooo -497 
17.368 .001 .499 
9.980 -.003 .498 
2.596 -.002 .501 
355.211 -.002 .502 
347.824 -.004 .499 
340.438 -.006 .494 
333.054 -.004 .494 
325.672 -.002 -490 
318.283 -.006 .48 7 
310.902 -.002 -487 
303.515 -.005 .491 
296.134 -.001 ,494 
288.748 -.002 .503 
281.367 .002 .513 
273.980 -.ooo .523 
266.599 .004 ,534 
259.212 .001 -542 
251.828 .002 .553 
244.444 .003 .561 
237.059 .003 .570 
229.674 .003 -576 
222.288 .002 .584 
214.902 .ooo .590 
207.519 .002 .598 
200.132 .ooo .604 
192.746 -.001 .605 
185.362 -.001 .609 
177.978 .ooo -603 
170.592 -.001 -599 
163.210 .002 .590 
155.822 -.001 .579 








































*From least squares fit, = 76O503 - (l.O05483/day) (t -to). 
**From least squares fit, n, = 76.O446 - (lP05497/day) (t - to ) .  
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Table B7 - Continued 
Longitude of Ascending Node (Telstar 2) - Continued. 
t - t o  
R Residuals* nC Residuals ** R + (1.05497) (t - to) nc+ (1.05497) (t - to] 
(deg) (de@ (de@ (de& ( d m  
273 148.559 0.024 148.441 0.003 76.567 76.449 
280 141.169 .018 141.064 .010 .562 .456 
287 133.766 -.001 133.675 .006 .544 .452 
294 126.369 -.015 126.289 .005 .531 .451 
300 120.030 -.025 119.960 .006 -522 .453 
307 112.631 -.039 112.571 .001 -508 .448 
314 105.244 -.043 105.188 .004 .506 .450 
321 97.858 -.045 97.806 .007 .506 .453 
328 90.474 -.046 90.421 .006 .505 .452 
335 83.087 -.048 83.035 .005 .503 .451 
342 75.705 -.047 75.647 .002 .506 .448 
349 68.320 -.048 68.259 -.001 ,506 -445 
356 60.936 -.048 60.870 -.006 .507 .441 
363 53.558 -.042 53.486 -.004 .514 -442 
370 46.179 -.038 46.101 -.005 ,519 .441 
377 38.802 -.030 38.716 -.005 ,528 .441 
384 31.422 -.027 31.331 -.006 ,532 .44 1 
391 24.047 -.018 23.945 -.006 ,542 .440 
398 16.672 -.009 16.564 -.003 .552 .443 
405 9.296 -.001 9.178 -.004 .561 .442 
412 1.919 .006 1.796 -.001 .569 .445 
419 354.543 .013 354.4 13 .001 .577 .447 
426 347.159 .013 347.025 -.002 .578 .444 
433 339.779 .017 339.642 -.ooo ,583 -446 
440 332.397 .018 332.257 -.ooo ,585 .446 
447 325.013 ,018 324.8 75 .003 .586 .449 
454 317.630 ,019 317.490 .002 .588 .448 
46 1 310.241 .014 310.105 .002 .584 -448 
468 302.858 .015 302.719 .ooo .586 .44 7 
475 295.473 .014 295.336 .002 -586 .448 
482 288.089 ,013 287.949 -.ooo .586 .446 
490 279.649 ,012 279.510 .001 .586 -447 
497 272.261 ,008 2 72.1 25 .001 .583 .447 
504 264.871 .002 264.738 -.002 .578 .445 
511 257.476 -.010 257.350 -.004 .567 .442 
518 250.086 -.016 249.969 -.001 .562 .446 
525 242.688 -.030 242.586 .001 .549 .447 
*From least squares fit, = 76.O503 - (l.'05483/day) ( t  - t o ) .  




Principal Long-Period Terms in Oblateness and Luni-Solar 
Perturbations in Eccentricity of Telstar 2.  
, -. 
Source Amplitude 
Oblateness (J,/J,) 373 x 10-6  

Oblateness (j4/jZ) -60 
Oblateness (Jz )  17 

Oblateness (J,/J2) 5 

Oblateness (j5/j2) -1 
~ u n a rgravity -220 
Lunar gravity 192 

Lunar gravity -95 
Lunar gravity 33 

Lunar gravity 11 

Lunar gravity -11 
Solar gravity 245 

Solar gravity 221 

Solar gravity -106 
Solar gravity 90 

Solar gravity -42 
Solar gravity -35 
Solar gravity 8 

Solar gravity -6 
Solar radiation pressure 4 2  















































Table B 9  

Principal Long-Period Terms in Oblateness and Luni-Solar 

Perturbations in Eccentricity of Relay 1. 
Source Amplitude Argument 
Oblateness (J3/J ,) 520 x w 
Oblateness (J,/J,) -71 2w 
Oblateness (Jz) 18 2w 
Oblateness (J,/J,) 7 w 
Oblateness (J /J ,) 7 3% 
Lunar gravity 304 2(n, -w-R) 
Lunar gravity 147 Qc - 2w - n 
Lunar gravity -68 2L 
Lunar gravity 19 2(A,  - w - 9 )  
Lunar gravity 9 2A, - R, - 2w - n 
Lunar gravity -7  R, t 2 w - n  
Solar gravity 149 2 ( 0 , - w - n )  
Solar gravity 109 2 ( A , - m - R )  
Solar gravity 101 2h, -0,- 2 w - R  
Solar gravity 70 no- 2w - n 
Solar gravity -30 2lx 
Solar gravity -30 2 ( A ,  -no - 4  
Solar gravity 12  A , - w , - & - n  
Solar radiation pressure 31 w + R - A ,  
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